On a Kähler manifold we have natural uniform magnetic fields which are constant multiples of the Kähler form. Trajectories, which are motions of electric charged particles, under these magnetic fields can be considered as generalizations of geodesics. We give an overview on a study of Kähler magnetic fields and show some similarities between trajectories and geodesics on Kähler manifolds of negative curvature.
Introduction
When we study Riemannian manifolds it is one of basic ways to investigate properties of geodesics. The shape of a Riemannian manifold has strong influence on properties of geodesics. Conversely properties of geodesics show some properties of base manifolds. Being inspired by this interaction we are interested in studying Riemannian manifolds with some geometric structures from the viewpoint of curve-theory. It is natural to consider that geometric structures make a restriction on shapes of manifolds. If we consider families of curves which are associated with geometric structures, it is likely that there is an interaction between shapes of base manifolds and properties of curves in these families (cf. [7, 11] ). Since we take geodesics to study Riemannian manifolds, it is natural that the family is supposed to contain geodesics. In this note we restrict ourselves to Kähler manifolds and choose families of smooth curves on them which are parameterized by their arclengths and whose velocities and accelerations span complex subspaces. We investigate Kähler manifolds from the viewpoint of Riemannian geometry through a study on magnetic exponential maps defined by these smooth curves.
Kähler magnetic fields
For a Kähler manifold M with complex structure J and Riemannian metric , , we denote by B J its Kähler form. We call a constant multiple B κ = κB J (κ ∈ R) of this Kähler form a Kähler magnetic field. Generally, a closed 2-form on a Riemannian manifold is said to be a magnetic field (see [14] , for example). This is because we can consider closed 2-forms as generalizations of uniform static magnetic fields on a Euclidean 3-space. A static magnetic field on R 3 is a vector field E-mail address: adachi@nitech.ac.jp. 1 The author is partially supported by Grant-in-Aid for Scientific Research (C) (No. 20540071), Japan Society for the Promotion of Sciences. 
Magnetic flows
Just like geodesics induce the geodesic flow, trajectories for a Kähler magnetic field B κ on a Kähler manifold M induce a dynamical system on the unit tangent bundle UM of M. For a unit tangent vector v ∈ UM, we denote by γ v the trajectory for B κ satisfyingγ v (0) = v. We define a flow B κ ϕ t : UM → UM by B κ ϕ t (v) =γ v (t) and call it a Kähler magnetic flow. Clearly, the flow B 0 ϕ t = ϕ t for trivial magnetic field is the geodesic flow. On a complex space form we can see the relationship between geodesics and trajectories more clearly. We call two smooth flows φ t , ψ t on a smooth manifold X are smoothly conjugate in the strong sense if there exist a diffeomorphism f of X and a nonzero constant λ with f • φ t = ψ λt • f . For complex space forms we can classify Kähler magnetic flows by their strengths. 
In view of these propositions, it seems Kähler magnetic fields work more sensitively on Kähler manifolds of negative curvature (cf. [4] ). It is well known that the geodesic flow for a negatively curved manifold is hyperbolic. By the structure stability theorem on hyperbolic flows, we see that for a Kähler manifold of negative curvature a Kähler magnetic flow B κ ϕ t is hyperbolic if |κ| is sufficiently small. Taking account of this we are interested in giving an estimate on |κ| whose corresponding trajectories have similar properties as for geodesics on a Kähler manifold of negative curvature.
Operators corresponding to Kähler magnetic fields
It is known that geodesics on a Riemannian manifold are closely related with Laplace operator (see [13] , for example). We here make mention of operators corresponding to trajectories. We define magnetic exponential maps by just the same way as we defined exponential maps. Given a point p ∈ M we define B κ -magnetic exponential map B κ exp p :
Clearly, for a trivial magnetic field B 0 , it is an exponential map exp p :
For a positive r and a continuous function f on a Kähler manifold M we set
where dS p denotes the normalized canonical density of the unit tangent sphere U p M. We can extend this to an operator
on the space of square-integrable functions. We call this operator magnetic mean operator associated with B κ . This operator can be regard as a "generator" of magnetic random walks, which are chains of segments of trajectories of length r (see [3] more detail). If we consider an expansion with respect to the radius r, we have the following result.
Proposition 4. (See [3].) For a smooth function f ∈ C ∞ (M) on a Kähler manifold M of complex dimension n, we have
Here the third term is given as
where Ric denotes the Ricci curvature tensor and Scal the scalar curvature.
Since we take the mean value, some properties on Kähler magnetic fields may vanish. But as the effect of Kähler magnetic fields does not appear in the dominant term, this result suggests us that there should be many similarities between geodesics and trajectories.
For a magnetic field B, if there is a 1-form A satisfying dA = B, it is called a global vector potential. When a global vector potential A is given, for a positive r and a continuous function f we set
This extends to an operator L A,r :
It is called magnetic spherical mean operator associated with A. For this operator we have the following expansion.
Proposition 5. (See [3].) For a smooth function f ∈ C ∞ (M) on a Kähler manifold M of complex dimension n, we have
where
denotes the Schrödinger operator associated with A.
We should note that global vector potentials do not necessarily exist. Even in the case that global vector potentials exist, as they are not necessarily unique, it is not easy to take the most natural one. In connection with global vector potentials, we here make mention of the equation ∇γγ = Ω B (γ ) of trajectories for a magnetic field B. When B on M has a global vector potential A, if we define an energy of a smooth curve γ :
then the equation of trajectories is the Euler-Laglange equation associated with this energy functional E A .
Magnetic Jacobi fields
In 
Being different from usual Jacobi fields, for magnetic Jacobi fields there is an interaction between the component which is tangent to trajectory and the component which is orthogonal to trajectory. We put 
A with a constant a ∈ R and a parallel vector field A satisfying A(0) ⊥γ (0), Jγ (0). Thus, the first B κ -magnetic conjugate value is π/|κ|. To study magnetic Jacobi fields on general negatively curved Kähler manifolds, it is a usual way to compare them with those on complex hyperbolic space. We here prepare a result corresponding to Rauch's comparison theorem. Theorem 1. (Cf. [2, 5] 
These estimates on magnetic Jacobi fields lead us to the following result on hyperbolicity of magnetic flows due to N. Gouda [10] . 
Trajectory-spheres in a complex hyperbolic space
When we study Riemannian geometry, Hopf-Rinow's theorem which shows the equivalence of completeness and geodesical completeness is one of basic results (see [8] , for example). As a corollary of this theorem we have an important property of geodesics: For arbitrary distinct points p, q on a connected complete Riemannian manifold M there is a minimizing geodesic joining them. We consider this property for trajectories for Kähler magnetic fields. On a complete Kähler manifold, we can conclude that every trajectory γ for an arbitrary Kähler magnetic field is defined on −∞ < t < ∞ (see [12] ). But, if we recall the behavior of trajectories on C n , it is clear that arbitrary two points are not necessarily joined by some trajectory. We would like to consider global properties of trajectories.
For a positive r we call the set B κ S p (r) = {B κ exp p (rv) | v ∈ U p M} a trajectory-sphere of radius r centered at p ∈ M.
Trivially, when κ = 0, it is a geodesic sphere S p (r). We are interested in the difference between geodesic spheres and trajectory-spheres. Geodesics emanating from the center of a geodesic sphere cross this geodesic sphere orthogonally. We are hence interested in how trajectories cross trajectory-spheres. On a complex space form of nonpositive holomorphic sectional curvature we have the following. 
